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Abstract: We study some vacua of A^ = 9 three dimensional gauged supergravity. 
"^ ■ The theory contains sixteen scalar fields parametrizing the exceptional coset space 

'^oM'' ^^"o^s supersymmetric and some non-supersymmetric AdSs vacua are found 
(^ ■ in both compact and non-compact gaugings with gauge groups SO{p) x 5*0(9 —p) for 



p = 0,1,2,3,4, G2(_i4) X SL{2) and Sp{l,2) x SU{2). We also study many RG flow 
solutions, both analytic and numerical, interpolating between supersymmetric AdSs 
critical points in this theory. All the flows considered here are driven by a relevant 
operator of dimension A = |. This operator breaks conformal symmetry as well as 
supersymmetry and drives the CFT in the UV to another CFT in the IR with lower 
supersymmetries. 
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1. Introduction 

Three dimensional Chern-Simons gauged supergravity has a very rich structure. The 
theory admits gauge groups of various types namely compact, noncompact, non semisim- 
ple and complex gauge groups |1|, 0, |^. This stems from the fact that there is no re- 
striction on the number of gauge fields. The gauge fields are introduced to the gauged 
theory by a Chern-Simons kinetic term which results in their non propagating nature 
in the theory. This peculiar feature comes from the duality between vectors and scalars 
in three dimensions. All the bosonic propagating degrees of freedom are carried by the 
scalars because pure supergravity in three dimensions is also topological. 

Maximal gauged supergravity in three dimensions has been constructed in ||l], |^, Q . 
The construction of the N = 8 theory can be found in ^ . All extended three dimen- 
sional gauged supergravities with A^ < 16 have been given in a unique formulation in 
. This is a gauged version of the ungauged theory constructed in |Q . Vacua of these 
theories have been studied in some details e.g. see [|^ |[ for A^ = 16 theory and 0, |T^ 
for A^ = 4 and N = 8 theories. 

In three dimensional supergravities with A^ > 4, the scalar target space manifold 
is a symmetric space and can be written as a coset space ^, where G is a global sym- 
metry group, and H is its maximal compact subgroup. For the theories with A^ > 8, 
the target space is unique because there is only one supermultiplet in these cases 0. 
In this paper, we study A^ = 9 gauged theory in which the scalar manifold is given 
by the exceptional coset ^j?^- We will study some vacua of this theory with gauge 
groups SO{p) X S0{9 - p) for p = 0, 1, 2, 3, 4, G2(-i4) x SL{2) and Sp{l, 2) x SU{2). 
All these gauge groups have been shown to be consistent gaugings in ||^ . We will study 
some vacua of these gaugings and give relevant superconformal groups for maximally 
supersymmetric vacua with all scalars being zero. 

The possibility to study holographic renormalization group flows is one of the in- 



teresting consequences of the AdS/CFT correspondence ||TT|. We will also study some 
supersymmetric RG flow solutions interpolating between supersymmetric AdSs vacua. 
In gauged supergravity, these solutions are domain walls interpolating between critical 
points of the scalar potential. They have an interpretation in the dual field theory as 
an RG flow driving the UV CFT to the IR fixed point corresponding to the CFT in the 
IR. In this paper, we will find flow solutions in three dimensional gauged supergravity. 
The solutions describe the RG flows in two dimensional field theories. Some super- 
symmetric flow solutions in three dimensional gauged supergravity have been studied 
10| , for A^ = 8 and A^ = 4 theories, respectively. Some flow solutions of A^ = 2 



m 



models have been studied in |T2[. In this paper, we give the analogous analysis in the 



A^ = 9 theory. The is the largest amount of supersymmetry ever studied so far in the 
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context of RG flows in three dimensional gauged super gravities. 

The paper is organized as follows. In section ^, we review some useful ingredients 
to construct the A^ = 9 gauged theory. We also give the explicit construction of the 
gauged theory with symmetric scalar manifold gQf^g) in detail. The procedure can be 
applied to other theories with different values of A^ as well. Various vacua are found 
in section ^ We then find some flow solutions in section ^. Finally, we give some 
conclusions and comments in section |^. 



2. A^ = 9 three dimensional gauged supergravity 

In this section, we construct A^ = 9 three dimensional gauged supergravity using the 
formulation given in [Q. The A^ = 9, S0{9) gauged three dimensional supergravity has 
also been constructed in [|l^, but we will follow the construction of p because this 



formulation can be easily extended to other gauge groups. We start by reviewing some 
formulae and all the ingredients needed in this paper. 

In symmetric spaces G/H, we have the following decompositions of the G genera- 
tors t^ into {X^'^,X", y^^}. The maximal compact subgroup H of G, consists of the 
SO{N) R-symmetry and an additional factor H' such that H = SO{N) x H'. The 
scalar fields parametrizing the target space are encoded in the coset representative L. 
This transforms under global G and local H symmetries by multiplications from the 
left and right, respectively. The latter can be used to eliminate the spurious degrees 
of freedom such that L is parametrized by dim {G/H) physical scalars. In our case, 
the maximal compact subgroup of G = -F4(_2o) is 5*0(9), so there is no factor H' . 
Generators X^"', I, J = 1,2, ... N generate SO{N), and Y^, transforming in a spinor 
representation of SO{N), are non-compact generators of G. The target space has a 
metric gij, i,j = 1,2, . . .d = dim {G/H) given by 

gij = efepAB. (2.1) 

Extended supersymmetries are described hy N — 1 almost complex structures /^*-, 
P = 2, . . . ,N. We can construct SO{N) generators from these /^Vs by forming tensors 
fl/ via § 

fPQ = flPfQ\ fiP = _fPi = fP_ (2.2) 

The tensors f^j^ , being generators of SO{N) in the spinor representation, are given in 
terms of SO{N) gamma matrices by 

f!/ = -ry^ef ef . (2.3) 
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The indices A and B are tangent space or "flat" indices on the scalar target space. The 
vielbein of the target space is encoded in the expansion 

L-^diL = ^Q'/X'-^ + Q,"X" + efY^ . (2.4) 

Ql"^ and Qf are composite connections for SO{N) and H', respectively. 

The gaugings are described by the gauge invariant embedding tensor Qj^Af- From 
©A^A/") "we can compute the Ai and A2 tensors as well as the scalar potential via the 
so-called T-tensor using 

aIJ _ ^ rpIM,JM _| ^ ^IJrpMN,MN 

^ N-2 {N-l){N-2) 

aIJ _ _rpIJ _| 4 pM{ImrpJ)M _| ^ S.IJ £KL mrpKL 

2J- ~ AT ' N{N-2y ^ "^ N{N-l){N-2) ^ ' 

V = -^g\A{'A{' - \Ng^^AiiAij). (2.5) 

The T-tensors are defined by 

Tab = V^Ga^atV-^ . (2.6) 

All the V's are given by 

L-h^L = ^V^'^X'-^ + V^X" + V^F^. (2.7) 

Using these, we can now construct the A^ = 9 theory. We give the procedure in detail 
but leave some formulae to the appendix. We begin with the g^'^g^ coset. The 52 
generators of the compact F4 have been explicitly constructed by realizing F4 as an 
automorphism group of the Jordan algebra J3 in [|14|. There are 16 non-compact and 
36 compact generators in F4(_2o)- Under SO (9), the 52 generators decompose as 

52 -> 36 + 16 

where 36 and 16 are adjoint and spinor representations of SO (9), respectively. The 
non-compact F^_20) can be obtained from the compact F4 by using 'Weyl unitarity 
trick", see |l^ for an example with G2- This is achieved by introducing a factor 



of i to each generator corresponding to the non-compact generators. From [|lj], the 



compact subgroup 50(9) is generated by, in the notation of fl^, ci, . . . , C21, C30, . . . , C36 



C455---5C52. We have chosen the same 50(9) subgroup as in ||T4| among the three 



possibilities, see |14| for a discussion. The remaining 16 generators are our non-compact 



ones which we will define by 

ICA+2S for A = 9, . . . , 16 



yA ^ ) icA+2i for A = 1, . . . , 8 
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Note that the 50(9) generators q in |Tj], are labeled by the F4 adjoint index. In order 
to apply the SO (9) covariant formulation of A^ = 9 theory, we need to relabel them by 
using the 5*0(9) antisymmetric tensor indices i.e. X^"^ . To do this, we first note the 
relevant algebra from [^ 

where we have used the flat target space indices in /^"g and the non-compact generators, 
t^. Using the first commutator in (|2.9|), we can map all Cj's forming 50(9) to the desired 



form X^'^ . The detail of this is given in the appendix. The next step is to find the 
f^'^. In order to be compatible with the F4 algebra given in [|H|, we need to use the 



second and the third commutators in ( p.9|) to extract the component of /^'^ rather 
than putting the explicit forms of gamma matrices from another basis. There are eight 
independent f^^ from which all other components follow from ( p. 21) . We will not give 
all of the f^^ here due to their complicated form. 

We now come to various gaugings characterized by the embedding tensors B. The 
embedding tensors for the compact gaugings with gauge groups SO{p) x 50(9 — p), 
p = 0, . . . , 4 are given by [Q 

QlJ,KL = edfj' + 5yiyK'^L]J] (2.10) 

where 

r 2(1 -1)5,, for /<p e=^J^^ (211) 

There is only one independent coupling constant, g. The gauge generators can be 
easily obtained from 50(9) generators X^"^ by choosing appropriate values for the 
indices /, J. For example, in the case of 50(2) x 50(7) gauging, we have the following 
gauge generators 

50(7) : Tf = X"^ a, 6=1,... 7, 

50(2):T2 = X«^ (2.12) 

We then move to non-compact gaugings with gauge groups G2(-i4) x SL{2) and 
5p(l,2) X SU{2). We find the following embedding tensors 

G2(-i4) X 5L(2) : QmN = rfJXj^ - \r]MM\ (2-13) 

5j9(l, 2) X 5f/(2) : Qmm = V%^m''^ - 12vmm (2-14) 

where rj^'^ is the Cartan Killing form of the gauge group Gq. The gauge generators in 
these two gaugings are given in the appendix. 
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Using these embedding tensors and equation ( p.7|) , we can find all the V's and 
T-tensors. With the help of the computer algebra system Mathematica |]16[, it is then 
straightforward to compute Ai and A2 tensors and finally the scalar potential for each 
gauge group. In the next section, we will give all of these potentials but refer the 
readers to the appendix for V's and T-tensors. For completeness, we also give here 
the condition for finding stationary points of the potential. We are most interested in 
supersymmetric AdSs vacua, so we mainly work with the condition for supersymmetric 
stationary points. As given in P|, see also for A^ = 16, the supersymmetric stationary 
points satisfy the two equivalent conditions 

Ai'e' = 

and Al^A^'e' = -^^e^ = 1(A(^A{^ - lNg-A^Alf)e^, (2.15) 

where Vq is the value of the potential at the critical point i.e. the cosmological con- 
stant, e^ are the Killing spinors corresponding to the residual supersymmetries at the 
stationary point. The second condition simply says that e^ is an eigenvector of Ai with 
an eigenvalue \ -^ or —J^^- In addition, these two conditions are indeed equivalent 
as shown in |^. 

The condition for any stationary points, not necessarily supersymmetric, is [^ 






3 A(^ Ag^ + Ng'^Ai^Aij = (2.16) 

2D^,D^)Ai' + g,,Ai' + Af^'ffj'' + 2T,,6''-AD[{r']^~2T,[,f')^ . (2.17) 



where Afi^ is defined by 



For supersymmetric critical points, we will mostly work with the two equivalent con- 
ditions given by ( p.l5|) . However, for non-supersymmetric points, the condition (p.l6|) 



is necessary to ensure that all the points are indeed stationary points. 

3. Vacua of A^ = 9 gauged super gravity 

In this section, we give some vacua of the A^ = 9 gauged theory with the gaugings men- 
tioned in the previous section. We will discuss the isometry groups of the background 
with maximal supersymmetries at L = I. This is a supersymmetric extension of the 
50(2,2) ~ S'0(l,2) X 5'0(1,2) isometry group of AdSs. The superconformal group 
can be identified by finding its bosonic subgroup and representations of supercharges 
under this group. A similar study has been done in P] for models with A^ = 16 super- 
symmetry. The full list of superconformal groups in two dimensions can be found in 



17|. We first start with compact gaugings. 
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3.1 Vacua of compact gaugings 



It has been shown in fl^ that the critical points obtained from the potential restricted 
on a scalar manifold which is invariant under some subgroups of the gauge group are 
critical points of the full potential. This invariant manifold is parametrized by all scalars 
which are singlets under the chosen symmetry. To make things more manageable, 
we will not study the scalar potential with more than four scalars. We choose to 
parametrize the scalars by using the coset representative 

L = e«i^ie''2^^e"^^i^e"^^« . (3.1) 



For any invariant manifold with the certain residual symmetry, our choice for L in ( p.l| ) 
certainly does not cover the whole invariant manifold. Therefore, the critical points 
on this submanifold may not be critical points of the potential on the whole scalar 
manifold. Nevertheless, we can use the argument of [0 as a guideline to find critical 
points. After identifying the critical points, we then use the stationarity condition ( |2.16 ) 
to check whether our critical points are truly critical points of the scalar potential. 



Let us identify some residual symmetries of (|3.1| ). In S'0(9) gauging, with only 
ai 7^ 0, L has S0{7) symmetry. For 01,02 7^ 0, L preserves SO{Q) symmetry. With 
Oi, 02, 03 7^ and Oi, 02, 03, 04 7^ 0, L preserves SU{?>) and SU{2), respectively. In other 
gauge groups, L will have different residual symmetry. We will discuss the residual 
gauge symmetry of each critical point, separately. We find that in all cases, non trivial 
supersymmetric critical points arise with at most two non zero scalars. With all four 
scalar fields turned on, the conditions A2Je'^ = are satisfied if and only if two of the 
scalars vanish. So, we give below only potentials with two scalars. 

In (|3.1j ), we have used the basis elements of F's to parametrize each scalar field. 
We also find that, in this parametrization, all the sixteen scalars are on equal footing 
in the sense that any four of the y's among sixteen of them give the same structure 
of the potential. As a consequence, any two non zero scalars in ( p.l|) give rise to the 
same critical points with the same location and cosmological constant. Notice that this 
is not the case if we use different parametrization of L. For example, by using linear 
combinations of Fj's as basis for the four scalars in ( |3.1| ), different choices of Yi's in 
each basis may give rise to different structures of the scalar potential. 

We use the same notation as in ||^ namely Vq is the cosmological constant, and 
(n_,n+) refers to the number of supersymmetries in the dual two dimensional filed 
theory. On the other hand, the n+ (ra_) corresponds to the number of positive (negative) 
eigenvalues of A{'^ . For definiteness, we will keep oi and 02 non zero. Furthermore, we 
give the values of scalar fields up to a trivial sign change. 
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so {9) gauging: 

The scalar potential is 



V 



—^^(-1390 - 232 cosli(2ai) + 6 cosli(4ai) + 4 cosli[2(ai - 2a2)] 

+4cosli(4ai — 202) — 112cosh[2(ai — 02)] + cosh[4(ai — 02)] 

-232 cosh(2a2) + 6 cosh(4a2) - 112 cosh[2(ai + 02)] 

+ cosli[4(ai + 02)] + 4 cosli[2(2ai + 02)] + 4 cosh[2(ai + 202)]). (3.2) 



This is the case in which the full R-symmetry group 5*0(9) is gauged. There is 
no non trivial critical point with two scalars. For 02 = 0, there are two critical 
points, but only the L = I solution has any supersymmetry. 



Critical points 


ai 


V^o 


Preserved supersymmetry 


1 





-64^2 


(9,0) 


2 


cosh"^ 2 


-lOOg^ 


- 



The corresponding Ai tensor at the supersymmetric point is 



A 



1(1) 



(1) 



diag(-4, -4, -4, -4, -4, -4, -4, -4, -4) 



(3.3) 



The notation A\ means that this is the value of the Ai tensor evaluated at the 
critical point number 1 in the table. For L = I, the background isometry is given 
by Osp{9\2,M.) x 50(1,2). The non-supersymmetric critical point has unbroken 
5*0(7) gauge symmetry. This point is closely related to the non-supersymmetric 
SO (7) X SO (7) point found in iV = 16 SO (8) x SO (8) gauged supergravity [§. 
Both the location and the value of the cosmological constants compared to the 
L = I point are very similar to that in Q. 

5*0(8) gauging: 
The potential is 



V 



16 



^^[(26 + 2 cosh(2ai) + cosh[2(ai - 02)] + 2 cosh(2a2) 



+ cosh[2(ai + a2)]f - 32(cosh^ aa sinh^(2ai) 
+ cosh'*ai sinh^(2a2))]. 



(3.4) 



This case is very similar to the 5*0(9) gauging. There are two critical points with 
a single scalar. 
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Critical points 


fli 


K. 


Preserved supersymmetry 


1 





-QAg^ 


(8,1) 


2 


cosh^^ 2 


-100^2 


- 



The Ai tensor is 



i(i) 



A'^' = diag(-4, -4, -4, -4, -4, -4, -4, -4, 4) . 



(3.5) 



For L = I, the background isometry is given by Osp(8|2,M) x Osp(l|2,M). The 
critical point 2 is invariant under G2 subgroup of 5*0(8). Apart from the splitting 
of supercharges and residual gauge symmetry, the critical points in this gauging 
are the same as the 5*0(9) gauging. 

50(7) X SO {2) gauging: 

In this gauging, the potential is 

1 



V 



g^ [9(342 + 40 cosh ai + 18 cosh(2ai) - 4 cosh(ai - 202) 
36864 

-16 cosh(ai — 02) + 3 cosh[2(ai — 02)] + 12 cosh(2ai — 02) 

-8 cosh 02 + 50 cosh(2a2) + 16 cosh(ai + 02) + 3 cosh[2(ai + 02)] 



+ 12 cosh(2ai + 02) - 4 cosh(ai + 202))^ + 8(-576 cosh^ 



a2 



+ cosha2 — 3coshai(l + cosh 02))^ sinh Oi — 9(— 1 

— 8coshai(— 1 + cosh 02) + 47 cosh 02 + 3cosh(2ai)(l + cosh 02) 

+6cosh^ ai(l + cosh 02))^ sinh^ 02)]. (3.6) 



We find one supersymmetric critical point with 



Ai 



-lUg 


2 

5 


ai = 


cosh 


-i5 
3' 




a2 = 


= cosh"^ 2 


e Ai tensor 
















/-lO 
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-10 





























14 
3 














- 


8v^ 
3 











-10 





























-10 





























-10 





























-10 


























6 





V 


- 


8v^ 
3 

















¥ / 



(3.7) 



(3.^ 



After diagonalization, we find 



Ai = diag(-10, -10, -6, -10, -10, -10, -10, 6, 6). 



(3.9) 



This is a (1,2) point with SU{2) symmetry. With a2 = 0, we find the following 
critical points 



Critical points 


fli 


Vo 


Preserved supersymmetry 


1 





-Ug^ 


(7,2) 


2 


cosh-^ 1 


1024 2 

9 y 


(0,1) 



The corresponding values of the Ai tensor are 



4') = diag (-4, -4, -4, -4, -4, -4, -4, 4, 4) 



and Af^ = diag ( -4, -4, -4, -4, -4, -4, -4, 



16 



(3.10) 



For L = I, the background isometry is given by Osp(7|2,M) x Osp{2\2,M.). The 
critical point 2 preserves S'f/(3) symmetry. The location and value of the cosmo- 
logical constant relative to the L = I point are similar to the G2 x G2 point in 
5*0(8) X 5*0(8) gauged A^ = 16 supergravity. In our result, the residual gauge 
symmetry is the 5f/(3) subgroup of G2 which is in turn a subgroup of 50(7). 

50(6) X 50(3) gauging: 
We find the potential 



V 



^^(-3886 - 424 cosh(2ai) + 6 cosh(4ai) + 4 cosh[2(ai - 203)] 



128 

+4cosh(4ai — 202) — 1536cosh(ai — 02) — 208cosh[2(ai — 02)] 

+ cosh[4(ai - 02)] - 424 cosh(2a2) + 6 cosh(4a2) 

— 1536cosh(ai + 02) — 208cosh[2(ai + 02)] + cosh[4(ai + 02)] 

+4cosh[2(2ai + a2)] + 4cosh[2(ai + 202)]). (3.11) 

One supersymmetric critical point is 



Vo = —256g'^, ai = cosh ^2, 02 = cosh ^ 3 . 



(3.12) 
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with the value of the Ai tensor 
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-4v^ 













-16 





00 





Ai = 














-16 


00 






















-16 






















80 






















8 







\ 


- 


-4^3 











4 I 



(3.13) 



This can be diagonahzed to 



Ai = diag (—16, —16, 



-16,-16,-16,8,8,8). 



(3.14) 



This is a (1,3) point and has 5*0(3) C 5*0(6) symmetry. With 02 = 0, we find 
the following critical points 



Critical points 


ai 


Vo 


Preserved supersymmetry 


1 





-QAg^ 


(6,3) 


2 


cosh^ 3 


-UAg^ 


(0,2) 



The corresponding values of the Ai tensor are 

aS^) = diag (-4, -4, -4, -4, -4, -4, 4, 4, 4) 
and Af' = diag (-10, -10, -10, -10, -10, -10, 6, 6, 10) . 



(3.15) 



For L = I, the background isometry is given by Osp(6|2,R) x Osp(3|2,R). The 
critical point 2 is also invariant under 5*0(3) subgroup of 5*0(6). 

SO (5) X SO (4) gauging: 

The potential for this gauging is 

V = — g^{3 + cosh ai cosh a2)^(— 86 + 2 cosh(2ai) — 24 cosh(ai — 02) 



+ cosh[2(ai — 02)] + 2 cosh(2a2) — 24 cosh(ai + 02) 
+ cosh[2(ai + 02)]). 



(3.16) 



There is no critical point with two non zero scalars. With 02 = 0, we find the 
following critical points: 
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Critical points 


ai 


Vo 


Preserved supersymmetry 


1 





-QAg^ 


(5,4) 


2 


cosh""*^ 5 


-256^2 


(0,3) 



The corresponding values of the Ai tensor are 



aS^) = diag (-4, -4, -4, -4, -4, 4, 4, 4, 4) 
and Af ^ = diag (-16, -16, -16, -16, -16, 8, 8, 8, 16) 



(3.17) 



For L = I, the background isometry is given by Osp{5\2,M.) x Osp{A\2,W). The 
critical point 2 preserves S'0(4)diag symmetry which is the diagonal subgroup of 
SO{A) X ^0(4) with the first ^0(4) being a subgroup of SO (5). 



3.2 Vacua of non-compact gaugings 

We now give some critical points of the non-compact gaugings. The isometry group 
of the background with L = I consists of the maximal compact subgroup of the gauge 
group and 5*0(2,2) as the bosonic subgroup. Using the generators given in the ap- 
pendix, we can compute the scalar potentials for these two gaugings. Notice that in 
the non-compact gaugings, all sixteen scalars are not equivalent. At the maximally 
symmetric vacua, the gauge group is broken down to its maximal compact subgroup, 
and some of the scalars become Goldstone bosons making some of the vector fields 
massive. This "Higgs-mechanism" results in the propagating n„g massive vector fields 
where Ung denotes the number of non compact generators which are broken at the crit- 
ical point. The total number of degrees of freedom remains the same because of the 
disappearance of the n„g scalars, Goldstone bosons. For further detail, see g in the 
context of A^ = 16 models. 



G'2(_i4) X 5*^(2) gauging: 

The coset representative is chosen to be 



pCiiYi a2Yi3 



(3.18) 



This parametrization has residual gauge symmetry SU{2) which is a subgroup of 
G2{-ii)- With one of the scalars vanishing, L has S't/(3) symmetry. The potential 
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with two scalars is given by 



V 



4608 



^2 [-23406 - 2520 cosh(2ai) + 70 cosh(4ai) + 8 cosh(4ai - Sas) 



+28 cosh[2(ai - 203)] + 28 cosh(4ai - 203) - 560 cosh[2(ai - 02)] 
+ cosh[4(ai — 02)] — 1792 cosh(2ai — 02) + 56 cosh(4ai — 02) 
+3472 cosh(a2) - 6104cosh(2a2) - 16cosh(3a2) + 198cosh(4a2) 
-560 cosh[2(ai + 02)] + cosh[4(ai + 02)] - 1792 cosh(2ai + 02) 
+28 cosh[2(2ai + 02)] + 56 cosh(4ai + 02) + 28 cosh[2(ai + 202)] 
+8 cosh(4ai + 302)]. 



(3.19) 



We find the following critical points: 



critical point 


fli 


02 


V, 


preserved 
supersymmetries 


1 








_64o2 


(7,2) 


2 





cosh- 1^11^ 


551+21^57^2 

72 y 


- 


3 


cosh"^ 2 





100 2 

9 y 


(0,1) 


4 


cosh 1 


cosh-i 73 


1024 2 

81 y 


(1,2) 



The corresponding values of the Ai tensor are 



A\ 



(3) 



A\ = diag 



' 3 
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-| 
0-300 



oooooofo 
0000000 ly 








(3.20) 
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and 



A\ 



(4) 



_28 
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_4 
9 
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9 ^ 

-I 






4 
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_14 
9 
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28 
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28 
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16 
9 
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(3.21) 



A\ and A\ can be diagonalized to 



A\ 



(3) 



A\ 



(4) 



diag 
diag 



7 _11 _7 _7 _7 _7 _7 5 7 
"3'~y'~3'~3'~3'~3'~3'3' 3 

32 32 8 16 8 8 8 16 16 
""g"' ~ Y' ~3' ^ Y' ^3' ^3' ^3' ¥' Y 



(3.22) 



For L = 1, the gauge group is broken down to its compact subgroup G2 x SO {2). 
The background isometry is given by ^(3) x Osp(2|2,M). There are two S'f/(3) 
points with completely broken supersymmetry (point 2) and (0,1) supersymmetry 
(point 3). Point 4 has SU{2) symmetry. 

Sp{l,2) X SU{2) gauging: 

We choose the coset representative 



,ai(yi 



-Yio) ^a2{Y2+Y9) 



(3.23) 



This has symmetry 5*0(3) x 5*0(3) if any one of the scalars vanishes. This 
is the case in which our critical points lie. This symmetry is a subgroup of 
the 5*0(5) X 5*0(3) compact subgroup of Sp{l,2) with the first 5*0(3) being a 
subgroup of 5*0(5). We find the potential 

V = —^[-1390 - 232cosh(2y2ai) + 6cosh(4y2ai) 

+4cosh[2y2(ai - 203)] - 112cosh[2y2(ai - 03)] 

+ cosh[4 72(01 - 02)] + 4 cosh[2\/2(2ai - 02)] - 232 cosh(2v^a2) 

+6 cosh(4 ^202) - 112cosh[2y2(ai + 02)] + cosh[4\/2(ai + as)] 

+4 cosh[2y2(2ai + 02)] + 4 cosh[2y2(ai + 202)]] . (3.24) 
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Some of the critical points are given by 



critical point 


ai 


02 


Vo 


preserved supersymmetries 


1 








-64/ 


(5,4) 


2 





cosh"-^ 2 
^/2 


-100^2 


- 


3 


ln(2-v^) 
V2 





-100^2 


- 


4 


ln(2+v^) 
^/2 





-100^2 


- 



with the corresponding Ai tensor 

aS^) = diag (-4, -4, -4, -4, -4, 4, 4, 4, 4) 



(3.25) 



for the critical point 1. For L = I, the gauge group is broken down to its compact 
subgroup 5p(l) X Sp{2) x SU{2) ~ SU{2) x 50(5) x SU{2). The two 5f/(2)'s 
factors combine to 5*0(4) under which the right handed supercharges transform 
as 4. So, the background isometry is given by Osp(5|2,M) x Osp(4|2,M). Point 
2, 3, and 4 are 50(3) x 50(3) points with completely broken supersymmetry. 

We have checked that all critical points given above are truely critical points of the cor- 
responding potential. In the next section, we will find RG flow solutions interpolating 
between some of these vacua. 



4. RG flow solutions 

In this section, we study RG flow solutions in the A^ = 9 theory whose vacua are 
obtained in the previous section. We start by giving the general formulae we will use 
in various gaugings. The strategy to find supersymmetric flow solutions is to find the 
solutions to the BPS equations coming from the supersymmetry transformations of 
fermions which in this case, are 5x^^ and Sipi^. 
We start by giving an ansatz for the metric 



ds' = e^^^''^dxl^ + dr\ 



(4.1) 



The relevant spin connection is 

<' = ^'^M (4-2) 

where hatted indices denote the tangent space indices, /i, z> = 0, 1. We use the notation 
' = -J- from now on. We then recall the supersymmetry transformations from [^ 



Hi 

5x" 



V^e' + gAi'^^t 



> 



IJ-, 



J.J 



1 - rr^w^ 



gNAi^'e-' . 



(4.3) 
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We will not repeat the meaning of all the notations here but refer the readers to [^ for 
the detailed explanation. Using ( p.4| ), we find, in our normalization, 

^ = -Ti{Y^L-'L'). (4.4) 

dr 6 

With this information, we are now in a position to set up the BPS equations which are 
our flow equations. The 6x^^ = equation gives flow equations for the scalars while 
the Sipjj^ = is used to determine A{r) in the metric. In order to obtain the equation 
for A{r), we impose 7^6^ = e^, so the solution preserves half of the original supersym- 
metries. We now apply this result to various gaugings. In the gauging that admits a 
supersymmetric flow solution, there must exist at least two AdS supersymmetric crit- 
ical points with different cosmological constants. The latter is related to the central 
charge of the dual CFT as 

c ~ -i= . (4.5) 

V — ^o 

According to the c-theorem, the c-function interpolating between the central charges in 
the UV and IR fixed points is a monotonically decreasing function along the flow from 
the UV to the IR. From the previous section, there is no flow solution in the S0{9), 
5*0(8) and 5*^(1, 2) x SU{2) gaugings because there is only one supersymmetric critical 
point. 

4.1 RG flows in compact gaugings 

We start by finding flow solutions in the compact gaugings. 

4.1.1 SO (7) X SO (2) gauging 

With a single scalar, the flow equation is given by 

— — = ^f sinhai(3coshai — 7). (4.6) 

dr 

Changing the variable to b = coshai, we find the solution 

^ ln(l + 6)-^ln(6-l) + -|-ln(36-7). (4.7) 



20g ' ' 8g ' ' 40^ 

The supersymmetry transformation of the gravitino gives 

d A 1 

^ = -2^(fe-5)(l + 36). (4.8) 

We can solve this equation to obtain A as a function of h using the equation for ^. 

The solution is 

A=- ln(6 - 1) ln(l + 6) + - ln(36 - 7). (4.9) 

10 5 
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In all these solutions, we have neglected all the additive constants to A and r because 
we can always shift A and r to absorb them. From ( |4.7P , we see that as ai = 0, r — )■ oo 
and r — t- — oo when ai = cosh~ |. The UV point corresponds to ai = 0, and the IR 



point is at ai = cosh |. The ratio of the central charges is given by 



^ = J^ = i (4.10) 

Cm V Vouv 3 

At the UV point, the AdSs radius is L = ^. Near this point, the scalar fluctuation 
behaves as 

Sai ~ e-^3" = e"^ . (4.11) 



Using the argument in |T9|, Q, we find that the flow is driven by a relevant operator 



of dimension A = |. In the IR, we find 



5r 



(5ai~e3r, L = —- . (4.12) 

The corresponding operator is irrelevant with dimension A = ^. The UV and IR 
points have supersymmetries (7,2) and (0,1), respectively. Our scalars are canonically 
normalized as can be easily checked by looking at the scalar kinetic terms, so we can 
directly read off the value of m"^ from the potential. Near the UV point, we find 

V = -Q4g^-24g^al. (4.13) 

The mass squared in unit of -^ is rn?L'^ = — |. The mass-dimension formula A (A — 2) = 
rn?L'^ gives A = | in agreement with what we have found from the behavior of the 
scalar near the critical point. At the IR point, we find 

1024 2 2080 2 2 /. ..N 

V = -^g' + ^g^al. (4.14) 

The mass squared is im?L'^ = || which gives precisely A = ^. 

We now consider a flow solution with two non zero scalars. Unfortunately, we are 
not able to find an analytic solution in this case. We do find a numerical solution 
interpolating between maximal supersymmetric point at L = I and the non trivial 
critical point with two scalars given in the previous section. We start by giving flow 
equations 

dai e~ cosh^sinhai 

— — = g 3coshai(l + cosh 02) — cosh 02 — 13 , (4-15) 

dr 1 + e"2 

— — = — (—65 + 9cosh^ ai(l + cosh 02) — 8 cosh ai (7 + cosh 02) 
dr 16 

-|-3sinh^ Oi + cosha2(47 + 3sinh^ ai)) sinha2 . (4.16) 
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Changing the variables to 








ai 


= cosh ^ bi 


we can 


rewrite (4.151) 


and (4.16|) as 




K = 


fc- 


l)[36i(l + 




b'2 = 


fc-^ 


1)[1162- 1 



, a2 = cosh -^ 625 (4-17) 

&2)-&2-13], (4.18) 

7 + 362(1 + 62) -261(7 + 62)]. (4.19) 

It can be easily checked that 61 = |, 62 = 2 is a fixed point of these equations. In order 
to find a numerical solution, we set g = 1 and 62 = z. Taking 61 as a function of z, we 
can write the two equations as a single equation 

dbi ^ 2i-13 - z + 3(1 + z)b,) i-l + bj) 

dz {-l + z^){-n + llz-2{7 + z)bi+3{l + z)bl)' ^' ' 

The numerical solution to this equation is shown in Figure |l|. The gravitino variation 

gives 

dA 1 

_ = --^[3 - 34z + llz^ - 2(13 + 14;z + z^)bi + 3(1 + zfb\] (4.21) 

or 

dA _ (3 - 3Az + llz^ - 2(13 + lAz + z^)bi + 3(1 + zfbf, 

dz~ 2(-l + z2)(_i7 + 11^ -2(7 + 2)61 +3(1 + ^)6?) ' ^- ^ 

The numerical solution for A is shown in Figure |^. The UV point is at r —> 00 and 
has (7,2) supersymmetries. The IR point has (1,2) supersymmetries and corresponds 
to r — )■ —00. The ratio of the central charges is 

^ = |. (4.23) 

Cm 2 

The behavior of the fiuctuations of ai and 02 near the fixed point can be found by 
linearizing (|4.15|) and ( [4.16| ). We find 



5ai ~ e 21. ^ (5^2 ~ e 2l ^ (4.24) 

near the UV point with L = ■^. We see that the fiow is driven by a relevant operator 
of dimension |. Near the IR point with L = jl-, we find 

5a^ ^ Sa2 ~ e^^'' = e^ . (4.25) 

So, the operator becomes irrelevant at the IR and has dimension A = |. We can 
also check this by computing the scalar masses from the potential although it is more 
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complicated in this case because we will need to diagonalize the mass matrix. We only 
give the analysis at the UV point. The potential is fortunately diagonal and given by 



V = -Ug^ - 2Ag\al + al) . 



(4.26) 



We find rn?L'^ = — | which gives A = |. 

In all other gaugings studied here, the same pattern appears, and the analysis is 
the same. So, we will quickly go through these cases and give only the main results 
without giving all the details. In particular, we will not give the scalar masses. These 
can be worked out as above. 

bl 

1.7 ^ 




Figure 1: Solution for hi{z) in S0{7) x 50(2) gauging. 




Figure 2: Solution for A{z) in S0{7) x S0{2) gauging. 
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4.1.2 S0{6) X S0{3) gauging 

We begin witli a flow witli one scalar. Tlie flow equation is 

% = 5'(2coshai — 6) sinhai . (4.27) 

With oi = cosh^^ b, we flnd 

b' = 2g{3-b-3b^ + b^). (4.28) 

This can be solved directly and gives 

1 1 

r = — ln(9 + 66-362) --ln(6- 1). (4.29) 

The gravitino variation gives 

A' = -|(cosh(2ai) - 12 cosh ai -5). (4.30) 

The solution is given by 

A = - ln(6 - 3) - ln(6 - 1) - - ln(l + b). (4.31) 

Near the UV point with (6,3) supersymmetries, the fluctuation behaves as 



1 
87 



Sa^r^e-^, L = ^^. (4.32) 



The flow is driven by a relevant operator of dimension |. At the IR (0,2) point, we flnd 

(5ai~efe, L = . (4.33) 

The operator becomes irrelevant with dimension A = y. The ratio of the central 

charges is 

cuv 3 



Cm 2' 
We then move to a flow with two scalars. With 



(4.34) 



fli = cosh ^6i, a2 = cosh ^62, (4.35) 

the flow equations are given by 

b\=gibl-l)ib,-5-b, + b,b2), (4.36) 

&2 = f (&2 - 1)[&?(1 + &2) - 7 + 562 - 26i(3 + 62)]. (4.37) 
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Taking 61 as a function of z = 62, we find 



dbi _ 2(-5 - ^ + (1 + z)h){-l + bl) 

dz ~ (-1 + ^2)(-7 + 5^ - 2(3 + z)hi + (1 + ^)&?; 



(4.38) 



Tlie numerical solution is given in Figure |^. The metric function A can be determined 
by using the equation 



dA 
dz 



-3 - lAz + hz^ - 2(5 + 6^ + z^)hi + (1 + zfhl 



2(-l + z2)(_7 + 5^ _ 2(3 + 2)61 + (1 + z)hl) 
The numerical solution is given in Figure |. The linearized equations give 



(4.39) 



5ai ~ 5a2 ~ e 2l . 



L = — 
89 



(4.40) 



near the UV point. The flow is driven by a relevant operator of dimension | and 
interpolates between (6,3) and (1,3) critical points. Near the IR, we find 

1 



6ai ~ 6a2 ~ e~- 



I6g 



(4.41) 



So, in the IR the operator has dimension |. The ratio of the central charges is 



cuv 

CiR 



2. 



(4.42) 



bl 




Figure 3: Solution for bi{z) in SO{Q) x S0{3) gauging. 
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Figure 4: Solution for A{z) in SO{6) x SO{3) gauging. 



4.1.3 S0{5) X ^0(4) gauging 

In this gauging, there is no critical point with two non zero scalars, so there is no flow 
with two scalars. The flow equation with one scalar is 



(7sinhai(coshai — 5). 



The solution for r as a function of 6 = cosh ai is 



1 1 1 
ln(6 - 5) ln(6 - 1) + ln(l + b). 



The gravitino variation gives 

A' = 



---(cosh(2a2) — 20 cosh ai — 13). 



The solution for A as a function of b is 

A = - ln{b - 5) - ln(6 - 1) - - ln[20(l + 6)1. 
3 6 

We find the scalar fluctuations near the UV and IR point as 



~ e 



UV : Sai 
IR : oai ~ e2i. 



1 

-^uv = ■^, 



AR 



16g 



(4.43) 
(4.44) 

(4.45) 
(4.46) 

(4.47) 
(4.48) 



From these, we flnd that the flow is driven by a relevant operator of dimension |. The 
operator has dimension | in the IR. The ratio of the central charges is 



cuv 

CiR 



2. 



(4.49) 
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4.2 RG flows in non-compact gaugings 
4.2.1 G'2(-i4) X 5*^(2) gauging 

Remarkably, there exist flow solutions in this non-compact exceptional gauging. We 
start with a single scalar giving rise to the flow equation 

a\ = sinhai(coshai — 2). (4.50) 

o 

The solution to this equation is 

r = A [i in(6 - 2) - 1 ln(6 - 1) + ^ ln(l + b)] (4.51) 

where as usual b = coshai. The equation for A and its solution are given by 

A' = — coshfli sinh^oi (4-52) 

and A = 5'ln(t-2)-6H6-l)-2l..(l + 6) ^^ ^3, 

The solution interpolates between (7,2) and (0,1) critical points with the ratio of the 
central charges 

^ = J. (4.54) 

Cm 4 

The linearized equation gives 

3 

UV : 5ai~e"^, -^uv = — , (4.55) 

o 

IR : (5ai~e^, Ljr = -— . (4.56) 

10^ 

The flow is driven by a relevant operator of dimension |. In the IR, the operator has 
dimension ^. 

We now move to a flow solution with two scalars. The flow equations are 

a\ = [4 sinh 02 — cosh^ — sinh(2ai)], (4-57) 

n 
a'2 = — — [2(9 + Scoshai — cosh(2ai)) sinha2 

-(7 + cosh(2ai))sinh(2a2)]. (4.58) 

Using 

ai = cosh^^ a, a2 = cosh~^ 6, (4.59) 
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we can combine the two equations into one with a being independent variable 

dh _ ih'^ - 1)(6(3 + a2) + a2 - 4a - 5) 
da 2{a^ - l){ah + a - A) 

We give a numerical solution to this equation in Figure ^. The equation for A is 

dA _ 3-8a + a2 + 2(a2-4a-5)6+(3 + a2)62 
da 4(a2 - l)(a6 + a-4) 

whose solution is shown in Figure ^. The scalar fluctuations are given by 



(4.60) 



(4.61) 



UV : 5ai ~ 5a2 ~ e 2^ , 
IR : 5ai ~ 5a2 ~ e«, 



8g 

9 



^IR 



32g 



(4.62) 
(4.63) 



The flow interpolates between the (7,2) and (1,2) points with the ratio of the central 
charges 

(4.64) 



cuv _ 4 
Cm 3 



The flow is driven by a relevant operator of dimension |. 




Figure 5: Solution for b{a) in G2(_i4) x SL{2) gauging. 



5. Conclusions 

We have studied A^ = 9 three dimensional gauged supergravity with compact and non- 
compact gaugings. We have found some supersymmetric AdSs vacua corresponding to 
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Figure 6: Solution for A{a) in G'2(_i4) x SL{2) gauging. 



some two dimensional CFT's. We have identified the superconformal groups from the 
isometry of the AdSs backgrounds with L = I. These backgrounds have dual conformal 
field theories at their boundaries. We then studied RG flow solutions describing a 
deformation of the CFT in the UV to the CFT in the IR. In the scalar sector studied 
here, only ^0(7) x S0{2), SO{Q) x 50(3), 50(5) x 50(4) and G2(-i4) x SL{2) gaugings 
admit supersymmetric flow solutions. This is because there is only one supersymmetric 
critical point in 50(9), 50(8) and 5p(l,2) x 5f/(2) gaugings. This is not unexpected, 
the bigger gauge groups give rise to a simpler structure of vacua in general. We have 
found analytic flow solutions with one active scalar and numerical solutions for the 
flows with two active scalars. All the flows are operator flows driven by a relevant 
operator of dimension |. It is interesting to identify the CFT's dual to these gravity 
solutions. Because two dimensional field theories are more controllable and the gravity 
solutions correspond to strong coupling limits of the dual field theories, we hope to 
understand many aspects of the AdS/CFT correspondence in the case of AdS3/CFT2. 
The higher dimensional origin of many three dimensional gauged supergravities is 
still mysterious. Only the case of non semisimple gaugings is known to be related to 



dimensional reductions of higher dimensional theories |^. It is interesting to study 
the non semisimple gaugings in this A^ = 9 theory although there is another subtlety 
with the theories with odd A^. This is because we cannot obtain these theories directly 
from dimensional reductions due to the mismatch in the number of supercharges. The 
reduced theory, always having even A^ in three dimensions, needs to be truncated in 
order to give odd values of A^. The models with compact and non-compact gauge groups 
studied in this paper and elsewhere are not obtainable from dimensional reductions, 
so it is very interesting to study whether there exist any higher dimensional origin for 
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these models. This will provide an interpretation of our flow solutions and that studied 
in [0 in terms of higher dimensional geometries. 
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A. Essential formulae 

In this appendix, we give all necessary formulae in order to obtain the scalar potential 



and flow equations. We use the 52 generators of F^ from [jT4|. The generators are 
normalized by 

Tr(cjCj) = -66ij. (A.l) 

With this normalization, we flnd that 

ya/j _ _lTr(L-^T^LX") (A.2) 

6 

yaA _ iTr(L-^T^LF^) (A.3) 

where we have introduced the symbol Tq for gauge group generators. Tq will be 
replaced by some appropriate generators of the gauge group being considered in each 
gauging. 

The following mapping provides the relation between q and X^"^, generators of 
^0(9), 

X'^ = Ci, X'^ = -C2, X23=C3, X3^ = C6, Xl^ = C4, X24 = -C5, 

X^S = Cy, X25 = -C8, X35 = C9, X'' = -Cio, X'^ = -C15, X'^ = Cn, 

X = — C12, X = — Ci4, X = Ci3, X = C16, X = — Ci7, X = — Ci9, 

X = C18, X = — C21, X = — C20, X = — C36, X = C30, X = — C31, 
X = — C33, X = C32, X = — C35, X = — C34, X = — C46, X = C45, 
X = — C48, X = C47, X = — C50, X = — C49, 

X«9 = -C52, X^^ = -C51 . (A.4) 

All the /'^'''s components can be obtained from the structure constants of the [X^"^, Y^] 
given in |jl^, but we will not repeat them here. 

In the non-compact G2(-i4) x SL{2) gauging, we use the following generators. The 



-25- 



generators of G2{-i4) are obtained by using the embedding of G2(-i4) in 5*0(7) generated 
by X^-^ , I, J = 1, . . . , 7. The adjoint representation of 5*0(7) decomposes under G2{-u) 
as 

21^14 + 7. (A.5) 

The generators of G2(-i4) can be exphcitly found by combinations of 5*0(7) generators 



22 



Ti = ^(X36 + X^i), Ta = ^(X^i - X^") 
V 2 V 2 



T3 = 


i=(X^3-Xi^), T4 = i=(X^^-X^^), 




T5 = 


-i=(X^3 + X^^), T6 = -i=(X2^ + X^i), 




7V = 


v2 v6 




T9 = 


^(X^' X36 + 2X25), Tio= ^^(X^i + X^e. 
V6 v6 


-2X^^ 



Tn = ^(X^3 ^ ^24 ^ 2X^5), ri2 = -^(X^4 - X23 + 2X^5), 

Ti3 = ^(X^e - X^i + 2X^5), Ti4 = ^(X^i + X^^ - 2X^5). (A.6) 

vG vG 



We have verified that these generators satisfy G2 algebra given in [^. The SL{2) 
generators are 

Jl = iV2{c22 + C27), J2 = iV2ic37 + C42), ^3 = 2C52 (A. 7) 

which can be easily checked that they commute with all T's and form SL{2) algebra. 
The generators of non-compact 5*p(l,2) can be constructed by first finding its 
compact subgroup generators 5p(l) x 5*p(2) ~ 50(3) x 5*0(5). The latter can be 
obtained by taking 5*0(8) with generators X^-^, I, J = 1, ... ,8. We then identify the 
^0(3) generators with X" for /, J = 1, . . . , 3 and ^0(5) with X" for J, J = 4, . . . , 8. 
The eight non-compact generators of Sp{l, 2) can be obtained by taking combinations 
of Y^^s which commute with the SU{2) gauge group. The latter has three generators 
obtained by looking for the combinations of 5*0(9) generators that commute with 
5*0(3) X 5*0(5) mentioned above. We find the following gauge generators: 
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Sp(l,2): 

Qi = V2ci, Q2 = -V2C2, Q3 = v^cs, Q4 = \/2c4, Q5 = -\/2c5, 
Qe = a/2c6, Qr = V2C7, Qs = -V2cs, Q9 = V^Cg, Qw = -v^Cio, 

Qn = —C21 — C52, Q12 = C51 — C35, Qis = C50 + C36, 

Qi4 = ^1 + ^10) Q15 = Y2 ~ Yg, QiQ = Ya + Y13, 

Ql7 = I4 + ^16) Q18 = ^5 ^ ^11) Q19 = ^6 ~ ^15) 

g2o = r7 + Fi4, Q21 = Ys-Y,2. (A.8) 



SU(2): 



^1 = 2(^52-021), i^2 = --(C35 + C51), i^3 = -(C36 -C50). (A.9) 



With these generators and ( [A.3| ), we can compute the T-tensors 

rpIJ,KL ^ ■^IJ,ayKL,l3^SO{p) _ yIJ,ayKL,l3^SO{9-p) /^ ^qn 

rpIJ,A ^ yIJ,ayA,p^SO(p) _ y/J,ayA,/3^50(9-p) ^^^^^^ 

for compact gaugings and 

j.IJ,KL ^ ^IJ,a^KL,^^G, _ j^^IJ,.^KL,p^G, ^ ^A_^2) 

for non-compact gaugings with K being | and 12 for Gi x 6*2 = G'2(-i4) x SL{2) and 
S'p(l,2) X SU{2), respectively. We have used summation convention over gauge 
indices a, /3 with the notation 6^° and 1]^° meaning that the summation is restricted 
to the Go generators. 
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